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PREFACE

This Memorandum presents one aspect of a feasibility study of
large orbiting apertures undertaken at RAND for the National
Aeronautics and Space Administration, at the request of A. M. Andrus,
to assist in determining requirements for the Applications Technology
Satellite-4 program.

A large aperture established in a synchronous orbit would con-
stitute a highly directional antenna. In order to use this
directivity, it is necessary to have a precise attitude control
system for the vehicle. This Memorandum provides certain working
formulas for determining the attitude control fuel requirements for
stabilization and control of large apertures in synchronous orbits.

A vehicle of this type is applicable to the fields of terrestrial
communication, navigation and surveillance as well as space communica-
tion and radio astronomy. In addition, at such time as the vehicle
size and weight, and mission requirements, are specified, the results
of this Memorandum can be used to determine the weight which must be

allocated to the attitude control system.




SUMMARY

2757 &

If a large aperture could be established in a synchronous orbit,
it could be used as a highly directional antenna. In order to use
these directional properties, a precise attitude control system is
necessary.

This Memorandum analyzes the fuel requirements of the attitude
control motors in order to achieve certain variations in orientation.
The results indicate that the requirements for holding a steady atti-
tude in either pitch or roll are reasonably modest, while maintenance
of high-frequency oscillations of the vehicle may result in excessive
fuel expenditure. The feasibility of any such system depends on the

size of the orbiting vehicle and the attitude variations required for

its mission. /4;4;£;Z’<;1’
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L. INTRODUCTION

It has been suggested that if a large aperture could be estab-
lished in a synchronous orbit, it would provide a highly directional
antenna which could be useful in the fields of communication, navi-
gation and surveillance satellites, as well as deep space communication
and radio astronomy. In order to make use of the directional pro-
perties of such a vehicle, a precise attitude control system is
required. Since the vehicle is fixed relative to the earth, its
attitude can be determined from the ground by observing two crossed
interferometers mounted in the plane of the reflector. The actual
control of the attitude of the vehicle can then be achieved by means
of low-thrust motors mounted on its periphery as shown in Fig. 1.
Such a configuration could provide both positive and negative moments
in pitch, roll and yaw by firing the appropriate diametrically op-
posite pairs on command from the ground.

This Memorandum presents an analysis of the fuel requirements
for such an attitude control system for various modes of operation of
the vehicle and represents one part of a feasibility study of this
type of satellite vehicle. Since it is not the purpose of this
Memorandum to analyze a specific satellite configuration, the fuel
requirements are determined as a percentage of the total weight on
orbit as a function of such design parameters as radius of the plate,
specific impulse of the fuel, time of operation and certain character-
istics of the required variations in attitude. Thus, the resulting

formulas should be useful in arriving at the design of such a satellite.
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Fig.1 — Control motor co




II. ANALYSIS

STATEMENT OF THE PROBLEM

For the purposes of this problem, the satellite vehicle is assumed
to be on a circular synchronous orbit. A reference configuration of
the vehicle is taken as a flat circular plate of radius r, and mass
m_ . To specify the orientation of the vehicle two coordinate systems

are used, as shown in Fig. 2.

The X, Y, Z system is an orbital coordinate system with the Y axis
along the instantaneous vertical and the Z axis along the normal to the
orbital plane. For the circular orbit, the orbital velocity is along the
negative X axis, and the orbital angular rate 8 is along the positive
Z axis.

The x, y, z system is a set of body axes fixed to the vehicle with
the flat plate in the xz plane. The orientation angles of this system
relative to the X, ¥, Z system are shown in Fig. 2 where o (pitch)
is a rotation about the z axis, B (roll) is a rotation about the x axis
and § (yaw) is a rotation about the y axis. Thus, for zero pitch, roll
and yaw, the flat plate is oriented horizontally.

The problem is to specify a suitable control law for the associ-
ated control motors and to determine the resulting response character-

istics and fuel consumption of the control motors.

GENERAL EQUATIONS OF MOTION

The general equations describing the motion of a satellite vehicle
about its center of mass and including the effect of the gravitational

gradient have been derived in Ref, 1 as follows






du <Iz - 1y> 3gOR§ <IZ - IX> M
+ ww = bc +— (1)
dt IX y z r3 Ix vy IX
2
dwy I -1, 3g R (I -1, M
dt + I Wy = 3 I aycy + I (2)
y r y y
2
dwz Iz - I 3g R Iy - I M
ax T i Uy =T 3 i ba + i (3)

where W, s wy’ w, are the components of the vehicle angular velocity

and are given by

w, = - (@ + @) cos B sin v+ 8 cos ¥ (&)
w, = (¢ + 8) sin B + @ (5)
w, = (¢ + 8) cos B cos § + 8 sin ¥ _ (6)

and ay, by, cy are the direction cosines of the Y axis in the x, y, 2z

system. These are given by

ay = sin & cos § + cos ¢ sin B sin § (7)
by = cos ¢ cos B (8)
cy = sin ¢ sin § - cos ¢ sin B cos § )

The quantities Ix’ Iy and Iz represent the moments of inertia of the
vehicle in roll, yaw and pitch respectively; while Mcx’ Mcy and Mcz are
the corresponding control moments. In additionm, R.0 is the radius of
the earth, g, is the gravitational acceleration at the earth's surface

and r is the radial distance from the earth's center to the vehicle.



LINEARIZED EQUATIONS OF MOTION

In view of the fact that at synchronous altitude the earth sub-

o
tends an angle of 17.47, the required values of g,

o

and { for ter-
restrial targets will be small. As a result, the above equations can
be simplified as follows.

For a circular orbit the orbital angular rate is constant and

given by

8" =uw, = —3 (10)

Also, for small values of the angles o, B and {, the angular velocity

omponents and o
compon W, wy w, become

w, = - wb + 8 (11)
wy = wB + ¥ (12)
w, = w, + o (13)

while the direction cosines ay, b and cy are given by

a, =« (14)
by =1 (15)
ey = - B (16)

Substitution of Eqs. (10-16) in Egqs. (1-3) gives
.. 2 Iz - I Iz - Iy - Ix
B + 4w0 ——llx B + Ix w,

o2, (i T 5 - ey (18)
v, Iy ¥ Iy P T 1

(17)

‘E"o
]




e 43 2 -Ix B ;Z, _ Mcz (19)
o Yo I =7

Since the configuration is planar and circulér, the following relations

exist between the moments of inertia
1
I =1 =§-I (20)
This further simplifies Egqs, (17-19) to the form

M
cX

il
= ‘<P123 ><:r—il

B - 4wc2)B - 20§ (21)

v +w B

X (22)

CcZ
1
Z

§ - 3uw - (23)
It is seen that basically Eqs. (21)-(23) represent the be-
havior of a moment of inertia under the influence of a control moment
Mc' However, in the case of both pitch and roll there is a small de-
stabilizing term. Also, in the case of roll and yaw the motions are

coupled through the orbital angular rate Wy e Since the coupling is

weak, it is possible to specify the pitch, roll and yaw control moments

as follows

Mcx = - klx(B - Bi) - k2xB : (24)
Moo= - kb = koo d (25)
M, =- klz(a - a,) - kzz& (26)

where o) and Bi are the input values of the pitch and roll angles.



The corresponding value of wi is zero since there is no reason to
drive the system in yaw.

Substitution of Eqs. (24-26) into Eqs. (21-23) gives

- -2 .2 2
B+20B+uB - 20y = (w, +4uw)) By (27)
v . 2 .
v+ 2m) tabteb =0 (28)
. . 2 2 2
a+2motuyo = (u, + 3w)) o (29)
where
k k k
B P R Vs UR
mn =1 - by 1 =7 - 3w (30)
X y z
k k k
_ 2x T2y 2z
2oy T ST T (31
X y z

This particular choice of control constants results in a critically
damped response in pitch, roll and yaw.

It is seen that Eq. (29) describing the pitch motion is completely
uncoupled whereas Eqs. (27) and (28) describing the roll and yaw motions
are coupled. The solutions of these equations are discussed in the next

two sections.

PITCH RESPONSE

In this section the solution for the pitch response to a step change
in o, and also a sinusoidal variation of o, are determined as well as
i

the propulsion requirements for these responses.




SteB InEut

I1f the desired pitch angle o is given by the relation

o; = 0O for t <O
(32)
= o, for £t >0
then the solution of Eq. (29) is of the fomm
w_ + 3w -w_t .
n o) r n i
o = o, |1 -e (1+wt)| (33)
“n

which is the characteristic critically damped response to a step input.

If a system time constant To is defined as
T =— (34)

then by means of Eq. (33) it can be shown that TO is the time it takes
for ¢ to reach 98.64 per cent of its final value in response to a step
input. Figure 3 is a plot of o as a function of t/To.

If To is small compared to the orbital period (24 hours) then

Eq. (33) becomes
C+uo)] (35)

The required control moment can be determined by substituting Eq. (33)

into Eq. (23) to give
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Fig.3— Step response in pitch attitude
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2
+ 3y - t
czZ _ Uy 0 2 n [, 2 2
I - 2 % |~ 3wo te L(mn + 3wo)
z Wy
2 2
= (u, - 3w)) u)nt:]] (36)
and if To is small (i.e., w, >> wo) then
M - t
cz 2 2 n
-:- = o, [- 3@0 + 0 e (1 - wnt):] (37)

Equation (37) shows that the control moment is composed of a steady-
state term and a transient term . These two parts are considered sepa-

rately as follows.

Transient Control Moment. From Eq. (37) the transient control

moment is given by

t
CZ

Trans.

Z

If this moment is supplied by a rocket motor of thrust T, located on

the periphery of the flat plate, then

M, = Tr, (39)

where r, is the radius of the plate.

The thrust of the motor is given by

2
oI w -t
T=—°—-§—P—e n (1 -t (40)
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The total impulse I is given by

-9z n (41)

If the flat plate has a uniform mass distribution, its moment of in-

ertia in pitch is given by

1 2
L, =% "% (42
and the total impulse becomes
Tg mT
I1=—2-229 (43)

e T
o

If the fuel used in the rocket motor has a specific impulse of
ISp then the ratio of required fuel weight to total weight on orbit

is given by

mF ul aoro
<;r> " LTI (44)
o / Trans. o o sp

Steady-State Control Moment. The steady-state moment from Eq. (37)

is

Mcz 2
2] =3l (45)
ss

T= - > 2 © (46)
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and the total impulse is expressed as

t 3m r wz

o
1= |rjde-—222 0 7)
o)

Finally, the mass of fuel required is given by

m 3rw_ o

F 0 0

(m_> _._4.g___.t (48)
o/ss 0" sp

This represents a steady consumption of fuel needed to hold the vehicle

Hjo N

at an angle o, against the gravity gradient moment about the pitch axis.

Equation (48) is based on the assumption that o is a small angle.
However, for deep space communication or radio astronomy applications,
it may be necessary to consider large pitch angles. An examination of
Eq. (3) shows that the control moment necessary to counteract the

gravity gradient moment in pitch is

2

M 3gR<I-I>
cz _ _ ooy 2y a
Iz r3 Iz yy
= - 3w§ sin o cos ¢ 49)

where both B and § are zero. The maximum value of Mcz occurs for g

equal to 45° in which case

2

M 3Bw

cz _ _ o
I, T° 7 (50)

By the method used in obtaining Eq. (48), it can be shown that

the steady-state fuel consumption is
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2
m 3r w_ t
LE) —_—o o (51)
m 8g 1
\, 0 /ss

Maximum Acceleration. An examination of Eq. (38) shows that the

maximum control moment occurs at time zero and is given by

Mcz 2 d2
22 mep =% (52)
on
z /max dt

Thus, the maximum linear acceleration of the point of thrust applica-

tion is expressed in g's as

= —2-20 (53)

Sinusoidal Input

For certain applications, it may be desirable to cause the plate

to undergo a sinusoidal oscillation in pitch. In this case

o = o sin gt (54)

and the resulting steady-state solution of Eq. (29) is

oGy + 3u)

o = —% 35— sin (wt - o) (55)
w, *w
where
2wnw
tan ¢ = 5 (56)
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and ¢ is the driving frequency.

Substitution of Eq. (55) into Eq. (23) gives the control moment

required as

2 2 2 2
oz do(wn + 3w) (0 + 3wo) '
T = 5 5 sin (wt - ®) 7D
z W +w

1f U is large compared to both the orbital angular rate W, and the

driving frequency w, then

=

2 2. .
1:—2 = - g (u° +30) sin (ot - ) (58)

As before, the required rocket thrust is determined as

@ mXx
(¢}

T = - -——75143 (wz + 3w§) sin (wt - ¢) (59)

The total impulse per cycle is obtained from the expression

27 + )
1= 7| ac
)
w
Tta
[1)]
T dt

1

'

N
g8

2 2
_ do moro(m + 3(.00) (60)
W
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from which the required fuel consumption per cycle is determined as

2 2
mp _ doro(w + 3w)

—_ = per cycle (61)
T goIspw

YAW-ROLL RESPONSE

As has already been indicated, Eqs. (21) and (22), which determine
the roll and yaw behavior of the vehicle, are coupled. Thus, although
roll and pitch determine the orientation of the normal of the plate,
it is not possible to control the roll attitude without inducing motion
in yaw. If this yéwing motion is not controlled and reduced to zero,
the identification of the appropriate pitch and roll control motors
becomes difficult. Thus, in determining the fuel requirement for roll
control, it is necessary to include the fuel used in damping out the

induced yaw motion.
Step Input
If the desired roll angle Bi is given by the relation

B, =0 t<O

= Bo t>0

then the simultaneous solution of Eqs. (21) and (22) gives

mﬁ + sz r -wnt
B2 [1-e "(L+un] (62)
)
n
and
2 2

S i swede ™ (63)

v 6 0o o e

where the effect of cross coupling on the characteristic frequencies

is neglected.
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Substitution of these solutions into Eqs. (24) and (25) gives the

following control moment expressions

M - t
cX _ 2 2 "n
o 8 [- 4w’ ule (1 - wnt):l (64)
=) t
M B w w3t2(6 - w t)e n
cy _ __oo n n (65)
Iy 6

It is seen that the roll control moment has both a steady-state
and a transient component while the yaw control moment has only a
transient term. As in the pitch response, these will be treated separ-

ately.

Transient Control Moment. As before, the fuel requirement for

the transient terms of Eqs. (64) and (65) can be expressed as follows

m B r w

F oo [ T 0 J

i —_— — (66)
<m >Trans. G eT 2

o]

where the first term arises from the roll control moment while the
. -6
last is from the induced yaw control and terms of the order of e

inside the brackets have been neglected.

Steady-State Control Moment. The steady-state control moment in

the roll equation gives rise to a fuel requirement expressed as

m r w2 B
< F) =00 0, (67)
m g I
o/ ss
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While Eq. (67) applies for small values of Bo, the corresponding
relation for large angles is obtained in a manner similar to that used

in the pitch case. The roll control moment is given by

=

2 .
T;_ = - Awo sin B cos B8 (68)

where both o and | are zero. As before, the maximum moment occurs for

B equal to 45° in which case the steady-state fuel requirement is

(69)

P S
E'B
o |
~—_—
w
wn
[}
N R
0 |o
o) e
jOo N
n
o T

Sinusoidal Input

As in the case of the pitch motion, it may be desirable to drive

the system sinusoidally in roll. 1In this case
B. = Bo sin Wt (70)

and the resulting steady-state solution of Eqs. (27) and (28) has the

form
wr?; + lm)i
B =— 5 B, sin (wt - ) (71)
w +w
n
and

(wrz1 + 4m§) B W W
v = 3 55 — cos (wt - 9) (72)
(w_  + )

n
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where

200
tan ¢ = -Zr——l%Z (73)
wn - W
2 2
4u)wn(wn -w)
w - 6mn w +ow,

The fuel requirement associated with the roll control system can

be written down by analogy with Eq. (61) as follows

2 2
Boro(w + 4wo)

“F
— = per cycle (75)

o goIspw

while the fuel requirement for the associated yaw control response can
be determined as

HLF_‘_ = ZBOrOwO
m

o goIsp

per cycle (76)

where wﬁ is large compared to either wz or wg. Thus, the total fuel

requirement for a sinusoidal motion in roll is given by the sum of

Eqs. (75) and (76) as

B r w2 + 2ow + 4w2
0o 0 (s 0
= =7 [ ] per cycle (77)
o %o sp w

EIB:IE

BANG-BANG CONTROL

In the analysis presented thus far, it has been assumed that the

control motors have a continuously variable thrust determined by the
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control laws specified in Eqs. (24-26). However, it is entirely pos-

sible to mechanize a control system in which the control motors of

™e o 1 oo - £2....1 _—.1... _.C o | A oo S e
fig. 1 nave a rixXed valiue or nd the t

[

thrust
impulse is determined by the duration. As an example, consider the
motion of the vehicle in pitch neglecting the gravity gradient term.

Equation (23) becomes

do _ cz
21 (78)
dt z

If the control moment is given by

T
8]
Mcz = + Mo (0 <t 1?'>
TO
M, = -M (7?-< t < TO) (79)
M., = 0 (t > ’1‘0)

it can be shown that the solution of Eq. (78) is

T
5 (0<t<5) (80)

+—5 (7§ <t<T) (81)

Thus the resulting pitch deflection after the application of the double

pulse is given by




i
r

21

ILo = 2 (82)

The steady thrust required to produce a deflection o, in time To is

expressed as

4Iz o,
T = 5
r T
oo
mr ¢
o "0
=22 9 7 (83)
T
o
while the total impulse is
mr o
00 0o
I=T,=—"1— (8
o
and the required fuel is determined as
m T o
F _ 0 o
m_ gl T (85)
o osp o

A comparison of Eq. (85) with Eq. (44) shows that the variable thrust
system requires slightly more fuel by a factor of m/e or 1.155.
However, it can be shown that the maximum peripheral acceleration
in this case is given by
by T

—= (g's) (86)
g T

o0

=]
|

A comparison of Eq. (86) with Eq. (53) shows that the variable thrust

system applies higher peak accelerations by a factor of nz or about 10.
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IITI. RESULTS

This section presents the numerical results based on the analysis
presented in the previous section. These results are in the form of

the fuel requirements for various modes of attitude control.

STEP CHANGE IN ATTITUDE

The fuel requirement for step changes in pitch and roll are given
by Eqs. (44) and (66) respectively. An examination of these two re-
lations shows that if the system time constant To is small compared to
the 24-hour orbital period, the two expressions are identical and can

be expressed in the fom

m A (deg) r (ft)
L =6.264 x 107 =2 0

o TO(SEC) Isp(sec) (87)

where Ao is the step amplitude o, OF Bo' Figure 4 presents a plot of
Eq. (87) as a function of the response time TO.

As an example, suppose that a flat plate of radius r, equal to
500 ft is required to make an attitude change of A0 equél to 170, in
a time T0 equal to 300 sec using a control rocket fuel with a specific

impulse ISp equal to 70 sec. From Fig. 4 it is seen that

M ISE 6
—\ry = 2.088 x 10 (88)
o oo

or

= 2.538 x 1074 (89)

EIS
o |m™
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Fig.4— Fuel requirement for step change in pitch or roll attitude
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The above case represents a change in attitude equal to the total angle
subtended by the earth at synchronous altitude utilizing a fuel com-
parable to either cold gas or a subliming solid.

While the mass fraction required for one such step change seems
small, the total requirement would depend on the frequency at which
such step changes might be required.

From Eq. (53) the maximum peripheral acceleration during this
step response can be determined as 2.021 x 10—3 g's, while the corre-
sponding maximum acceleration using the bang-bang control system is

determined from Eq. (86) as 2.048 x 10-‘4 g's.

STEADY-STATE DEFLECTION

Equations (48) and (67) give the fuel requirements for maintaining

steady deflections in pitch and roll respectively and can be expressed

as
Pitch
m _7 r (ft) o (deg) t(days)
(m—5> = 1.858 x 107 -2 -2 (90)
o/ ss Sp(sec)
Roll
m r (ft) B _(deg) t(days)
E) - 2477 x 1077 =0 o (91)
m I (sec)
o/ ss sp

Figure 5 is a plot of Eqs. (90) and (91) where AO represents
either ¢ or B .
o o

As an example, suppose a plate of radius r, equal to 500 ft is
required to hold a pitch attitude of 8o for one year using a control

rocket fuel with a specific impulse of 70 sec. From Fig. 5 it is seen

that
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Fig.5—Fuel requirement for steady-state deflection in pitch or roll attitude
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mp\/ L -5
— [ -] =6.782 x 10 (92)
m r A
o] (ol
or
m
£ - 3.876 x 1073 (93)
o]

The 8° deflection in pitch is approximately the maximum deflection
from the vertical required for any terrestrial target from synchronous
altitude, and such a deflection requires less than .5 per cent of total
vehicle weight for the fuel to maintain this attitude for a year.

As pointed out in the previous section, the maximum steady-state
control moment required to counteract the gravity gradient moment occurs
for a deflection angle of 45° in either pitch or roll, The fuel re-

quirement is given by Eqs. (51) and (69) which can be rewritten as

Pitch
m r (£ft) t(days)
< L) =521 % 1070 =2 —Tees) (94)
o /45 sp
Roll
mg -6 ro(ft) t(days)
— o = 7.093 x 10 T _(sec) (95)
Mo /45 sp

Figure 6 is a plot of Egs. (94) and (95).
As an example, the yearly amount of fuel required to maintain a
500-ft radius plate at a 45° pitch attitude if I, is 70 sec is obtained

from Fig. 6 as follows
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me\ /1 -3
=} =2E)=1.942x 10 (96)
m Y
o] (o]
or
m
55 - 1.387 x 1072 (97)
s}

Thus, about 1.4 per cent of the total vehicle weight would be needed
per year to maintain its attitude against the maximum gravity gradient

moment in pitch.

SINUSOIDAL ATTITUDE VARIATION

The fuel requirements to maintain sinusoidal oscillations of the
plate in pitch and in yaw are specified in Eqs. (61) and (77) respectively.
If the driving frequency w is large compared to the orbital angular rate

w s these two equations reduce to the form

Arw

"F
T eI per cycle (98)
o o sp

where A0 represents either o, or Bo. Equation (98) can be modified

to give the fuel requirement for a time t as follows

2mn A x f2
0o o

o goIsp

UF _
m

t (99)

or

2
o A (deg) r (ft) | f(cycles/day) | t(days)
- 3.942 x 1070 2 = [ ] -

SI’_qB

(100)

o

Isp(sec)
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Figure 7 is a plot of Eq. (100) using £, the driving frequency, in
cycles/day as the independent variable.

As an example, determine the daily fuel requirement for an 8°
pitch oscillation at 100 cycles per day for a plate of radius equal

to 500 ft and a specific impulse of 70 sec. From Fig. 7 it is seen

that
m I
F sp_\ _ -4
E—'(A a—y > = 3.942 x 10 (101)
(o] o 0
or
m
r-EE = 2.253 x 10”2 (102)
o]

At this rate of fuel expenditure the vehicle would be reduced to
half of its initial weight in about 30 days. Thus, the use of this
type of system for mechanical scanning at this rate does not appear

to be feasible.

ORBITAL INCLINATION COMPENSATION

If the reflecting plate is on a synchronous orbit which is in-
clined at an angle io to the equatorial plane, its ground trace de-
scribes the familiar figure eight pattern on the ground. It is of
interest to determine the amount of fuel required to keep the plate
pointing at a particular point on the earth, For example, suppose
the equatorial crossing point is selected as the target to be tracked.
Under these conditions the required pitch and roll angles are given

by the relations
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o, = - o sin 2w0t (103)

™
]

B, sin w t (104)

where the pitch and roll amplitudes o, and Bo are given to a good

approximation for values of io less than about 45° by

Ro(l - cos 10)

R TR (105)
C o
R0 sin io
Bo = "t - R (106)
o (¢]

Substitution of these conditions into Eqs. (61) and (77) gives the

total fuel requirement per day as

7r @ R
00 O

z(rc - Rb) gOIS

(1 - cos io + 2 sin 10) (107)

EIS
o |+

P

As an example, if a 500-ft radius plate is on an orbit with a 30° in-
clination and with an ISp of 70 sec, the yearly fuel requirement is
given by

m
L= 4s2x 1072 (108)

0
or a little less than half of one percent of the vehicle weight.

ORBITAL ECCENTRICITY COMPENSATION

If a vehicle is on an equatorial orbit with a synchronous period
but with a small eccentricity ¢, then the subsatellite point on the

equator has a central angle given by



32

A = 2¢ sin wot (109)

If the flat plate on orbit is required to track the mean subsatellite

point on the earth, the required pitch angle variation is given by

Rb
% 7Y -R a®
c o
2¢ R0
= ——x sin wot (110)
c o

The fuel requirement per day for the motion specified by Eq. (110) can

be determined from Eq. (61) as

zrowoRbe
= (111)

o goIsp(rc - Rb)

°F
m

For a 500-ft radius plate and a specific impulse of 70 sec, the yearly

fuel requirement is found to be

=]

£ = 0023¢ per year (112)

8
o

which is neglibible for any reasonable eccentricity.

STATION-KEEPING PROPULSION

In addition to the various attitude control propulsion requirements
considered above, it is also necessary to provide station-keeping pro-
pulsion to correct for the effects of the earth's equatorial ellipticity.
In Ref. 2, the maximum propulsion requirement was indicated as 17 ft/sec

per year of operation., However, since the publication of Ref. 2,




analysis of the tracking data on Syncom 2 (Ref. 3) indicates that the
J22 term in the earth's potential is less than had originally been
assumed. A more realistic value of the maximum propulsion requirement
if 6 ft/sec per year. The mass of fuel required for this purpose,

assuming again a specific impulse of 70 sec, is found to be

Elh’j
0
=

.00266 per year (113)

EFFECT OF RADIATION PRESSURE

It is obvious that for the idealized flat plate considered in this
Memorandum there would be no moment due to solar radiation pressure
since, by symmetry, the center of pressure and center of mass would
be coincident. However, in an actual design, nonuniformities in either
mass distribution or reflectivity of the surface can result in an off-
set between the center of pressure and the center of mass with a re-
sulting moment applied to the vehicle.

It is of interest to determine the magnitude of this moment and
the attitude control fuel requirement in order to counter this effect.

The magnitude of the required control moment can be expressed as

2
Mc =Tr_ P, Ax (114)

where P, is the magnitude of the radiation pressure and Ar is the off-
set between center of pressure and center of mass.

The thrust required to produce this moment is given by
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T = mr P, Ar (115)

and in the same manner as in the body of the Memorandum the impulse

required is determined as

t

I-= L) Tdt = mr_ p_ Art (116)

Finally, the mass of fuel required is expressed as

TP, Art
mp = 1 (117)
Sp

In this case the fuel requirement is independent of the total mass
on orbit and depends only on the dimension of the vehicle and its re-
flecting properites.

As a worst case, it is assumed that the solar radiation is normally
incident and that the surface is a perfect reflector. Under these con-
ditions

p, = 1.865 x 107’ 1bs/ft2

and Eq. (117) can be expressed as

2 ro(ft) Ar(ft) t(days)
I (sec)
sp

me(lbs) = 5.062 x 107 (118)
which is plotted in Fig. 8.

As an example, suppose a 500-ft radius plate has an offset of 1 ft
between the center of mass and the center of pressure and a specific im-
pulse of 70 sec. Determine the yearly fuel requirement to counteract

the resulting radiation pressure moment. From Fig. 8 it is seen that
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Is -2
m =B )= 5 062 x 10
and as a result

mp = 132.0 1bs/yr

(119)

(120)

This fuel expenditure does not seem excessive for a vehicle of the

size assumed.
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IV. DISCUSSION

In all of the expressions for fuel requirements determined in the
previous section, it has been assumed that the plate has a uniform mass
distribution. If, on the other hand, all of the mass is concentrated
at the circumference of the plate, then all of the fuel requirements
are doubled with the exception of that for station keeping.

An examination of the various controlled responses considered
indicates that the resulting fuel requirements to maintain either a
steady-state deflection or low-frequency (orbital period) oscillations
are of the same order as the station-keeping fuel requirement. On the
other hand, if the vehicle is required to undergo high-frequency (of
the order of 100 cycles/day) oscillations in pitch and/or roll, the
resulting fuel requirements can become excessive,

Obviously, the feasibility of controlling the attitude of such a
vehicle is dependent on the size and mass distribution of the plate, the
specific impulse of the fuel and the attitude variations required for
the contemplated mission. Until these things are specified, the feasi-
bility cannot be determined. However, the working formulas and graphs
presented in Section III should be of assistance in arriving at a feas-

ible design of such a control system.




